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Abstract. In this paper we consider the Nash equilibrium problem for infinite player games
with vector payoffs in a topological vector space setting. By employing new concepts of rel-
ative (pseudo)monotonicity, we establish several existence results of solutions for usual and
normalized vector equilibria. The results strengthen existence results for vector equilibrium
problems, which were based on classical pseudomonotonicity concepts. They also extend
previous results for vector variational inequalities and finite player games under relative
(pseudo)monotonicity.
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1. Introduction

Many equilibrium-type problems arising for example in economics, game
theory and transportation can be formulated as the problem of finding an
equilibrium point in a noncooperative game; see e.g. [11,14,15]. In addi-
tion to games with scalar payoffs their vector extensions have been studied
extensively; see e.g. [3,6,8,13]. Traditionally most existence results for scalar
and vector equilibrium problems are based on fixed point techniques which
require both the continuity and compactness (or proper coercivity) assump-
tions in the same topology. However these assumptions are too restric-
tive for applications in infinite-dimensional spaces. They can be relaxed
by using (generalized) monotonicity properties of the so-called normalized
cost bifunction; see e.g. [4,6,7].

In [9] Konnov introduced new generalized monotonicity concepts, which
are based on the invariance of solution sets of decomposable equilib-
rium problems with respect to certain linear transformations. He proved
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existence and uniqueness results for scalar variational inequalities in a
Banach space. These so-called relative monotonicity concepts can be
regarded as intermediary between standard monotonicity and order mono-
tonicity. In [1] the results in [9] were extended to vector variational inequal-
ities. In a previous paper [2] the authors of the present study suggested an
approach, which is based on these new (generalized) monotonicity concepts
in order to prove the existence of an equilibrium point in a noncooperative
game with vector payoffs and a finite number of players.

In this paper we consider a noncooperative game with vector payoffs and
an infinite number of players in a topological vector space setting. We give
some conditions under which a vector equilibrium problem (VEP) and a
Nash vector equilibrium problem (VNEP) are equivalent. We establish sev-
eral existence results for both problems and also present their specialization
for games with scalar payoffs.

Let I be a countable set of indices. For each i ∈ I let Ei be a real topo-
logical vector space. Let F be a real topological vector space with a par-
tial order � induced by a pointed closed convex and solid cone C. Thus
for y ′, y ′′ ∈ F,y ′ � y ′′ is equivalent to y ′ − y ′′ ∈ C,y ′ > y ′′ is equivalent to
y ′ − y ′′ ∈ intC and y ′ �>y ′′ is equivalent to y ′ − y ′′ /∈ intC. We consider an
infinite player noncooperative game where the ith player has a strategy set
Xi ⊆Ei which is assumed to be nonempty, convex and closed and a utility
function fi : E→F with the joint strategy space

E=
∏

i∈I
Ei.

For a point x ∈E, we denote by x−i its projection onto
∏
k �=i Ek. Also we

denote by R
I the set of all sequences with elements in R, namely R

I ={µ |
µi ∈R, i ∈ I }, and the sets

R>={µ∈R |µ>0},
R
I
>={µ∈R

I |µi >0, i ∈ I }

and

X=
∏

i∈I
Xi. (1)

Then the vector Nash equilibrium problem (VNEP) is to find an element
x∗ = (x∗

i )i∈I ∈X such that

fi(x
∗
−i , yi) �>fi(x∗), ∀yi ∈Xi, ∀i ∈ I. (2)
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For each i ∈ I , we set

ϕi(x, yi)=fi(x)−fi(x−i , yi).

Then VNEP (2) can be rewritten as follows: find an element x∗ = (x∗
i )i∈I ∈X

such that

ϕi(x
∗, yi) �<0, ∀yi ∈Xi, ∀i ∈ I. (3)

Following [8,12], we consider the bifunction

�(x, y)=
∑

i∈I
ϕi(x, yi) (4)

defined on the set of pairs (x, y) for which the series on the right-hand side
of (4) is unconditionally convergent.

Note that �(x, x)=0 for each x ∈X. If dom�=X×X, we can consider
the following vector equilibrium problem (VEP) of finding an element x∗ =
(x∗
i )i∈I ∈X such that

�(x∗, y) �<0, ∀y ∈X. (5)

Together with VEP (4), (5) we consider its dual formulation [10], which is
to find an element x∗ = (x∗

i )i∈I ∈X such that

�(y, x∗) �>0, ∀y ∈X. (6)

We denote by XN,X∗ and Xd the set of solutions of problems (2) (or
equivalently, (3)), (5) and (6), respectively.

2. Preliminary Results

We first recall some relationships between VEP and VNEP under continuity-
type and monotonicity-type assumptions on �.

DEFINITION 1. A function Q : X→F is said to be

(a) convex, if for each pair of points x ∈X,y ∈X and for all α∈ [0,1] we
have

Q(αx+ (1−α)y)�αQ(x)+ (1−α)Q(y);

(b) quasiconvex, if for each pair of points x∈X,y∈X and for all α∈ [0,1]
we have either Q(αx+ (1−α)y�Q(x) or Q(αx+ (1−α)y)�Q(y);
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(c) explicitly quasiconvex, if it is quasiconvex and for each pair of points
x ∈X,y ∈X such that Q(x)<Q(y) and for all α∈ (0,1) we have

Q(αx+ (1−α)y)<Q(y);
(d) u-hemicontinuous, if for each pair of points x ∈X,y ∈X and for all

α∈ [0,1] the mapping α �→Q(αx+ (1−α)y) is continuous at 0+;
(e) lower semicontinuous, if for each v ∈F the level set {x ∈X |Q(x) �>v}

is closed.

The following inclusion is straightforward.

LEMMA 1. X∗ ⊆XN .

The proof follows immediately from (3) to (5).
We intend to obtain the reverse inclusion and introduce an additional

property.

DEFINITION 2. The bifunction � : X×X→F defined by (4) is pseudo
P -monotone if for all x, y ∈X, we have

ϕi(x, yi) �<0 ∀i ∈ I 	⇒�(y, x) �>0.

LEMMA 2. If the bifunction � : X × X → F defined by (4) is pseudo
P -monotone, then XN ⊆Xd .

The proof is straightforward.

LEMMA 3. Suppose that �(·, y) is u-hemicontinuous for each y ∈X and
that �(x, ·) is explicitly quasiconvex for each x ∈X. Then Xd ⊆X∗.

The proof follows from Proposition 3.1 in [4]. Explicit quasiconvexity of
�(x, ·) can be relaxed to a certain type of generalized convexity as intro-
duced in [4].

Combining Lemmas 1–3, we obtain the following equivalence result.

PROPOSITION 1. Suppose that the bifunction � : X × X → F defined
by (4) is pseudo P -monotone, �(·, y) is u-hemicontinuous for each y∈X and
�(x, ·) is explicitly quasiconvex for each x ∈X. Then VEP (5) is equivalent
to VNEP (3).

In order to establish existence results for VNEP and VEP we need the
following well-known Ky Fan Lemma; e.g., see [5, Corollary 1].
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PROPOSITION 2. Let X and Y by nonempty sets in a topological vector
space E and Z : X→2Y be such that

(i) for each x ∈X, Z(x) is closed in Y;
(ii) for each finite subset {x1, . . . , xn} of X, its convex hull is contained

in the corresponding union
⋃n
i=1Z(x

i);
(iii) there exists a point x̃ ∈X such that Z(x̃) is compact.

Then,
⋂

x∈X
Z(x) �=∅.

3. Relative Monotonicity-Type Properties for Bifunctions

We begin our considerations with the definition of weight bifunctions.

DEFINITION 3. We say that γ : X×X→R
I
> is a weight bifunctions asso-

ciated with VNEP (3) if γ is a family of bifunctions (γi)i∈I where γi : X×
Xi →R> for each i ∈ I .

Given a weight bifunction γ : X×X→R
I
> associated with VNEP (3), we

can define the bifunction [γ�] : X×X→F as follows:

[γ�](x, y)=
∑

i∈I
γi(x, yi)ϕi(x, yi).

We can consider a primal–dual pair of VEP associated with the bifunction
[γ�]. The primal VEP is to find an element x∗ = (x∗

i )i∈I ∈X such that

[γ�](x∗, y) �<0, ∀y ∈X (7)

and the dual VEP is to find an element x∗ = (x∗
i )i∈I ∈X such that

[γ�](y, x∗) �>0, ∀y ∈X. (8)

We denote by X∗
γ and Xdγ the sets of solutions of problems (7) and (8),

respectively. We now adjust Lemmas 1 and 3 to these problems.

LEMMA 4. Suppose that γ : X×X→RI> is a weight bifunction associated
with VNEP (3). It follows that

(i) X∗
γ ⊆XN ,

(ii) if the bifunction � : X×X→F is defined by (4), [γ�](·, y) is u-hemi-
continuous for each y ∈X and [γ�](x, ·) is explicitly quasiconvex for
each x ∈X, then Xdγ ⊆X∗

γ .
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We now introduce new concepts of generalized monotonicity for bifunc-
tions defined on infinite product sets.

DEFINITION 4. The bifunction � :X×X→F defined by (4) is said to be

(a) relatively monotone with respect to α,β (in short, (α,β)-monotone)
if there exist weight bifunctions α,β : X ×X→ R

I
> associated with

VNEP (3) such that for all x, y ∈X we have

[β�](x, y)+ [α�](y, x)�0

and dom[α�]=dom[β�]=X×X;
(b) relatively pseudomonotone with respect to α,β (in short, (α,β)-pseudo-

monotone) if there exist weight bifunctions α,β : X×X→ R
I
> associ-

ated with VNEP (3) such that for all x, y ∈X we have

[β�](x, y) �<0	⇒ [α�](y, x) �>0

and dom[α�]=dom[β�]=X×X.

These concepts extend similar ones of generalized monotonicity in [2].
But in the present study they are defined for weight bifunctions instead of
functions and are adjusted for infinite product sets. All of these extend clas-
sical (pseudo)monotonicity-type concepts [4,7].

4. Existence Results

We begin with establishing an existence result for VNEP (3) on compact sets.

THEOREM 1. Let X be nonempty, convex and compact. Suppose that the
bifunction � defined by (4) is (α,β)-pseudomonotone. Suppose also that
[α�](·, y) is u-hemicontinuous for each y ∈X, [α�](x, ·) is explicitly quasi-
convex and lower semicontinuous for each x ∈X, and [β�](x, ·) is quasicon-
vex for each x ∈X.

Then VNEP (3) is solvable.
Proof. Define set-valued mappings A,B : X→2X by

A(y)={x ∈X | [α�](y, x) �>0}

and

B(y)={x ∈X | [β�](x, y) �<0}.

The proof is done in three steps; see [10].
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(i)
⋂
y∈X B(y) �= ∅. Let z be in the convex hull of any finite subset

{y1, . . . , yn} of X. Then z=∑n
j=1µjy

j for some µj � 0, j = 1, . . . , n
and

∑n
j=1µj =1. If z /∈∪nj=1B(y

j ), then we have

[β�](z, yj )<0, ∀j =1, . . . , n.

However by quasiconvexity of [β�](z, ·) we have

0= [β�](z, z)= [β�]

⎛

⎝z,
n∑

j=1

µjy
j

⎞

⎠� max
j=1,... ,n

{
[β�](z, yj )

}
<0

a contradiction. Therefore z∈⋃n
j=1B(y

j ), and we see that the map-
ping y �→B(y) satisfies all the assumptions of Proposition 2. Hence
we obtain
⋂

y∈X
B(y) �=∅.

(ii)
⋂
y∈X A(y) �=∅. From (α,β)-pseudomonotonicity of � it follows that

B(y)⊆A(y). Since [α�](y, ·) is lower semicontinuous, A(y) is closed
for each y ∈X. Therefore B(y)⊆A(y) and (i) now implies (ii).

(iii) XN �= ∅. From (ii) it follows that Xdα �= ∅. Applying now Lemma 4
yields XN �=∅, as desired

Thus VNEP (3) (or equivalently (2)) is solvable.

Comparing the assumptions of Theorem 1 with those of correspond-
ing results for finitely many players (see [2, Theorem 4.1]), we notice that
explicit quasiconvexity of [α�](x, ·) was added. On the other hand �(x, ·)
may not possess generalized convexity-type properties in this theorem.

By employing the corresponding coercivity condition we obtain an exis-
tence result on noncompact sets.

COROLLARY 1. Let X be nonempty, convex and closed. Suppose that the
bifunction � defined by (4) is (α,β)-pseudomonotone. Suppose also that
[α�](·, y) is u-hemicontinuous for each y ∈X, [α�](x, ·) is explicitly quasi-
convex and lower semicontinuous for each x ∈X, and [β�](x, ·) is quasicon-
vex for each x ∈X. Furthermore assume that there exist a compact subset Y
of E and a point ỹ ∈Y ∩X such that

either [β�](x, ỹ)<0, ∀x ∈X\Y or [α�](ỹ, x)>0, ∀x ∈X\Y. (9)

Then VNEP (3) is solvable.
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Proof. In this case it suffices to follow the proof of Theorem 1 and
observe that either B(ỹ)⊆Y or A(ỹ)⊆Y under the above assumptions. In
fact, it follows that B(ỹ) is compact, hence the assertion of Step (i) is true
due to Proposition 2 as well.

Combining the above results with Proposition 1 we obtain an existence
result for VEP (4), (5).

THEOREM 2. Let X be nonempty and convex, and let the bifunction �

defined by (4) satisfy the following conditions:

(i) � is pseudo P -monotone and (α,β) - pseudomonotone;
(ii) �(·, y) and [α�](·, y) are u-hemicontinuous for each y ∈X;

(iii) �(x, ·) is explicitly quasiconvex, [β�](x, ·) is quasiconvex and [α�]
(x, ·) is explicitly quasi-convex and lower semicontinuous for each x∈X.

Furthermore suppose that either X is compact or X is closed and there
exist a compact subset Y of E and a point ỹ ∈Y ∩X such that (9) holds.

Then VEP (5) is solvable.

5. Applications to Scalar EP

In this section we present specializations of the previous existence results
and some uniqueness results for the scalar case. Throughout this section
we assume that F =R and C=R+, the set of nonnegative numbers. Then
the scalar Nash equilibrium problem consists in finding an element x∗ =
(x∗
i )i∈I ∈X such that

fi(x
∗
−i , yi)�fi(x∗), ∀yi ∈Xi, ∀i ∈ I (10)

or equivalently,

ϕi(x
∗, yi)�0, ∀yi ∈Xi, ∀i ∈ I, (11)

where

ϕi(x, yi)=fi(x)−fi(x−i , yi), ∀i ∈ I.

Problems (10) and (11) are scalar analogues of (2) and (3). Using (4)
we can define the normalized equilibrium problem: find an element x∗ =
(x∗
i )i∈I ∈X such that

�(x∗, y)�0, ∀y ∈X. (12)



INFINITE PLAYER NONCOOPERATIVE GAMES 87

The corresponding dual problem is: find an element x∗ = (x∗
i )i∈I ∈X such

that

�(y, x∗)�0, ∀y ∈X. (13)

Evidently problems (12) and (13) are scalar analogues of (5) and (6). In the
scalar case problem (12) also implies (11). The reverse implication holds if
dom�=X×X; i.e., � need not be pseudo P -monotone in general. In such
a way we can also specialize the parametric problems (7) and (8) and the
concepts of relative (pseudo) monotonicity.

From Theorems 1 and 2 and the above remarks we obtain the following
existence result.

THEOREM 3. Let X be nonempty and convex, and let the bifunction
� : X×X→R defined by (4) satisfy the following conditions:

(i) � is (α,β)-pseudomonotone;
(ii) [α�](·, y) is u-hemicontinuous for each y ∈X;

(iii) [β�](x, ·) is quasiconvex and [α�](x, ·) is explicitly quasiconvex and
lower semicontinuous for each x ∈X;

(iv) either X is compact or X is closed and there exist a compact subset
Y of E and a point ỹ ∈Y ∩X such that

either [β�](x, ỹ)<0, ∀x ∈X\Y or [α�](ỹ, x)>0, ∀x ∈X\Y. (14)

Then problem (10) is solvable. If in addition dom� = X × X, then prob-
lem (12) is solvable.

We now introduce somewhat strengthened concepts of generalized mono-
tonicity for scalar bifunctions on infinite product sets.

DEFINITION 5. The bifunction � : X×X→R defined by (4) is said to be

(a) strictly (α,β)-monotone if there exist weight bifunctions α,β : X ×
X→R

I
> associated with problem (11) such that for all x, y ∈X,x �=y

we have

[β�](x, y)+ [α�](y, x)<0

and dom[α�]=dom[β�]=X×X;
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(b) strictly(α,β)-pseudomonotone if there exist weight bifunctions α,β :
X ×X→ R

I
> associated with problem (11) such that for all x, y ∈

X,x �=y we have

[β�](x, y)�0	⇒ [α�](y, x)<0

and dom[α�]=dom[β�]=X×X.

These concepts extend similar concepts in [9] introduced for single-val-
ued mappings. It is clear that each strictly (α,β)-monotone bifunction is
strictly (α,β)-pseudomonotone, but the reverse is not true in general. We
will utilize these concepts for establishing uniqueness results.

PROPOSITION 3. Suppose that the bifunction � : X×X→R defined by (4)
is strictly (α,β)-pseudomonotone. Then problem (10) has at most one solu-
tion. If in addition dom�=X×X, then the same is true for problem (12).

Proof. Assume to the contrary that there exist at least two different solu-
tions x ′ and x ′′ of problem (10). Then we have

[β�](x ′, x ′′)�0 and [α�](x ′′, x ′)�0

and using the strict (α,β)-pseudomonotonicity now yields

[α�](x ′′, x ′)<0,

a contradiction.

Combining Theorem 3 and Proposition 3 we obtain the following exis-
tence and uniqueness result.

COROLLARY 2. Suppose that all the assumptions of Theorem 3 are ful-
filled with the exception of (i) which is replaced by the following:
(i ′) � is strictly (α,β)-pseudomonotone.
Then problem (10) has a unique solution. If in addition dom �=X×X,

then the same is true for problem (12).

In a reflexive Banach space setting we can utilize some other coercivity
condition instead of that in (14).

DEFINITION 6. Suppose that E is a reflexive Banach space and X is
unbounded. The bifunction � : X ×X→ R defined by (4) is said to be
γ -coercive if there exists a weight bifunction γ : X ×X→ R

I
> associated



INFINITE PLAYER NONCOOPERATIVE GAMES 89

with problem (11) such that

[γ�](x, ỹ)→−∞ as ‖x‖→∞, x ∈X

for some ỹ ∈X.

THEOREM 4. Let X be a nonempty and convex subset of a reflexive
Banach space E. Suppose that the bifunction � : X×X→R defined by (4)
satisfies the following conditions:

(i) � is (α,β)- pseudomonotone;
(ii) [α�](·, y) is u-hemicontinuous for each y ∈X;

(iii) [β�](x, ·) is quasiconvex and [α�](x, ·)is explicitly quasiconvex and
lower semicontinuous for each x ∈X;

(iv) either X is compact or X is closed and � is α-coercive.

Then problem (10) is solvable. If in addition dom �=X×X, then prob-
lem (12) is solvable.

Proof. It is sufficient to prove that there exists a solution of problem (10)
under the α-coercivity condition. Let Br denote the closed ball (under the
norm) of E with center at 0 and radius r. Then for each r >0 there exists
a solution xr ∈Xr =X∩Br for the following problem:

[α�](xr, y)�0 ∀y ∈Xr
due to Theorem 3. We observe that the set {xr |r > 0} must be bounded
since otherwise we could choose r large enough such that the α-coercivity
of � would yield

[α�](xr, ỹ)<0,

a contradiction. Therefore there exists r such that ‖xr‖<r. Now for each
y∈X we can choose ε>0 small enough such that xr +ε(y−xr)∈Xr . Then
by explicit quasiconvexity of [α�](xr, ·) we have

0� [α�](xr, xr + ε(y−xr))<max{[α�](xr, y),0}=0

if [α�](xr, y)<0, a contradiction. Thus

[α�](xr, y)�0 ∀y ∈X.

It follows that xr is a solution of problem (10), and the result follows.

Combining Theorem 4 and Proposition 3 yields another existence and
uniqueness result.
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COROLLARY 3. Suppose that all the assumptions of Theorem 4 are ful-
filled with the exception of (i), which is replaced with (i ′) of Corollary 2.
Then problem (10) has a unique solution. If in addition dom �=X×X, then
the same is true for problem (12).

6. Scalarization of VEP

In this section we introduce some other relative (pseudo)monotonicity con-
cepts and present existence results for VEP which are based on solving an
appropriately scalarized version of the problem.

Given an element z∈F ∗, the dual space of F , and a bifunction � : X×
X→F defined by (4), we introduce the bifunction �z : X×X→R by

�z(x, y)= (z,�(x, y))

for x, y ∈X. Similarly for a weight bifunction α : X×X→ R
I
> associated

with VNEP (3) we define the weighted bifunction [α�z] : X×X→R by

[α�z](x, y)= (z, [α�](x, y))

for x, y ∈X. We set

Hz={f ∈F |(z, f )�0}.

Now we introduce relative (pseudo)monotonicity concepts which are differ-
ent from those in Definition 4.

DEFINITION 7. Let z be an element in F ∗\{0}. The bifunction � : X×
X→F defined by (4) is said to be

(a) (α,β)-monotone with respect to z if there exist weight bifunctions
α,β : X×X→R

I
> associated with VNEP (3) such that for all x, y ∈X we

have

[β�](x, y)+ [α�](y, x)∈−Hz

and dom [α�]=dom [β�]=X×X;
(b) (α,β)-pseudomonotone with respect to z if there exist weight bifunc-

tions α,β : X×X→R
I
> associated with VNEP (3) such that for all x, y∈X

we have

[β�](x, y)∈Hz	⇒ [α�](y, x)∈−Hz

and dom[α�]=dom[β�]=X×X.
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It is clear that (α,β)-monotonicity with respect to z implies (α,β)-
pseudomonotonicity with respect to z. But the reverse is not true in gen-
eral. Also if C ⊆ Hz, then relative monotonicity with respect to (α,β)

implies (α,β)-monotonicity with respect to z.

PROPOSITION 4. The bifunction � : X×X→F defined by (4) is (α,β)-
monotone (respectively, (α,β)-pseudomonotone) with respect to z for some z
in F ∗\{0} if and only if the bifunction �z : X×X→ R is (α,β)-monotone
(respectively, (α,β)-pseudomonotone).

Proof. Since for all x, y ∈X the relation

[α�z](y, x)+ [β�z(x, y)]�0

is equivalent to

[α�](y, x)+ [β�](x, y)∈−Hz,

we see that the assertion is true for (α,β)-monotonicity. Suppose now that
� is (α,β)-pseudomonotone with respect to z and that

(z, [β�](x, y))= [β�z](x, y)�0

for some x, y ∈ X. It follows that [β�](x, y) ∈ Hz and [α�](y, x) ∈ −Hz.
Hence [α�z](y, x) � 0, i.e., �z is (α,β)-pseudomonotone. Conversely, if
�z is (α,β)-pseudomonotone and [β�](x, y)∈Hz for some x, y ∈X, then
[β�z](x, y)�0, hence [α�z](y, x)�0. Therefore [α�](y, x)∈−Hz, i.e., � is
(α,β)-pseudomonotone with respect to z. Hence the assertion is true for
(α,β)-pseudomonotonicity.

In what follows we denote by C∗ the dual cone of C, i.e.,

C∗ ={z∈F ∗ | (z, f )�0 ∀f ∈C}.

Combining the above property with Theorem 3 we obtain another existence
result for VEP.

THEOREM 5. Let X be nonempty and convex and let the bifunction � :
X×X→F defined by (4) satisfy the following conditions:

(i) � is (α,β)-pseudomonotone with respect to some z in C∗\{0};
(ii) [α�z](·, y) is u-hemicontinuous for each y ∈X;

(iii) [β�z](x, ·) is quasiconvex and [α�z](x, ·)is explicitly quasiconvex and
lower semicontinuous for each x ∈X;
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(iv) either X is compact or X is closed and there exist a compact subset
Y of E and a point ỹ ∈Y ∩X such that

either [β�z](x, ỹ)<0, ∀x ∈X\Y or [α�z](ỹ, x)>0, ∀x ∈X\Y.
Then VNEP (3) is solvable. If in addition dom�=X×X, then VEP (5) is
solvable.

Proof. Since z∈C∗\{0}, the bifunction �z is (α,β)-pseudomonotone due
to Proposition 4. Besides, under the assumptions of the present theorem,
it is easy to verify that the bifunction �z satisfies all the assumptions of
Theorem 3. Therefore there exists a point x∗ ∈X such that

(z, ϕi(x
∗, yi))�0 ∀yi ∈Xi, ∀i ∈ I. (15)

This means that x∗ solves VNEP (3). In fact, since z ∈C∗\{0},−intHz ⊇
−intC, so that (z, ϕi(x∗, yi)) � 0 implies ϕi(x

∗, yi) ∈ Hz and ϕi(x
∗, yi) /∈

−intC. In case dom�=X×X, the value of �(x∗, y) exists. Moreover (15)
yields

(z,�(x∗, y))�0, ∀y ∈X.
Using the same argument we conclude that

�(x∗, y) �<0,

i.e., x∗ solves VEP (5).

Observe that according to Theorem 5 the existence of a solution of the
normalized VEP (5) can be established without assuming pseudo P-mono-
tonicity of �, unlike in the result in Theorem 2.

Using a coercivity condition we obtain an additional existence result on
noncompact sets in a reflexive Banach space setting.

DEFINITION 8. Suppose E is a reflexive Banach space. The bifunction
� : X×X→F defined by (4) is said to be γ -coercive with respect to z∈
F ∗\{0} if the scalarized bifunction �z : X×X→R is γ -coercive.

The corresponding existence result is based on combining Proposition 4
and Theorem 4.

THEOREM 6. Let X be a nonempty, convex, and closed subset of a reflex-
ive Banach space E. Suppose that the bifunction � : X×X→F defined by
(4) satisfies the following conditions:

(i) � is both (α,β)-pseudomonotone and α-coercive with respect to z ∈
C∗\{0};
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(ii) [α�z](·, y) is u-hemicontinuous for each y ∈X;
(iii) [β�z](x, ·) is quasiconvex and [α�z](x, ·)is explicitly quasiconvex and

lower semicontinuous for each x ∈X.

Then VNEP (3) is solvable. If in addition dom�=X×X, then VEP (5) is
solvable.

Proof. Since z ∈ C∗\{0}, the bifunction �z is (α,β)-pseudomonotone.
Applying Theorem 4 now yields (15). Using the same argument as that in
the proof of Theorem 5 we conclude that the assertions of the present the-
orem are true.

7. Examples

In this section we present some examples which illustrate properties of the
new concepts and their relationships with know ones. For simplicity we
restrict ourselves to scalar utility functions.

EXAMPLE 1. We first consider the noncooperative infinite person game
with the utility functions

fi(x)=
∑

j∈I,j �=i
xTi A(i,j)xj ,

where xi ∈R
ni , xj ∈R

nj and the box-constrained strategy sets

Xi ={z∈R
ni |γ (i)j � zj � δ(i)j , j ∈1, . . . , ni}

for i∈ I . Hence each A(i,j) is an ni ×nj matrix. Set x= (x1, x2, . . . ) and y=
(y1, y2, . . . ). Then we have

�(x, y)=
∑

i∈I
(fi(x)−fi(x−i , yi))=

∑

i∈I

∑

j �=i
〈A(i,j)xj , xi −yi〉. (16)

It follows that

[α�(x, y)]+ [α�(y, x)]=
∑

i∈I

∑

j �=i
〈αiA(i,j)xj , xi −yi〉

+
∑

i∈I

∑

j �=i
αi〈A(i,j)yj , yi −xi〉.

If we suppose that A(1,j)=−λAT(j,1) where λ>0 is an arbitrary number and
A(i,j)=−AT(j,i) for i �=1 and for all j ∈I , then by setting α1 =1/λ and αi =1
for i >1 we have for each pair of points x, y

[α�(x, y)]+ [α�(y, x)]=0.
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i.e., � is (α,α)-monotone. On the other hand, � may not even be pseudo-
monotone. For this, consider the simplest case where n1 = n2 = 2,A(1,2) =[ −1 −2

0 −2

]
,A(2,1)=−2A(1,2) and A(i,j)=0ni×nj for all (ni, nj ) �= (1,2), (ni, nj ) �=

(2,1). Setting x1 = [1.1 1]T , x2 = [3 3]T , y1 = [2 2]T , y2 = [4 4]T we have

�(x, y)=3.5>0 and �(y, x)=1.2>0,

i.e., � is not pseudomonotone.
If we consider the case of n1 = n2 = 2,A(1,2) =

[ −1 0
0 −2

]
,A(2,1) = −2A(1,2)

and A(i,j) = 0ni×nj for all (ni, nj ) �= (1,2), (ni, nj ) �= (2,1), then � is not
pseudomonotone either. In fact for x1 = [1 1.1]T , x2 = [0 3]T , y1 = [2 2]T , y2 =
[0 4]T we have

�(x, y)=1.0>0 and �(y, x)=0.8>0.

It is also true that � is pseudo P-monotone. In fact considering the
box-constrained set X with x3 = 0, we obtain ϕ1(x, y1)= ϕ2(x, y2)= 0 as
�(y, x)=0. Other assumptions of Theorem 2 are also satisfied.

Next, we can add nonlinear terms to the previous functions as follows:

fi(x)=
∑

j∈I,j �=i
xTi A(i,j)xj +ψi(xi),

where ψi : Xi→R is concave and upper semicontinuous for i∈I . Then (16)
is still true, i.e., � is also (α,α)-monotone. At the same time, we cannot
apply the techniques based on classical pseudomonotonicity properties.

We now turn to the case of variable weight bifunctions.

EXAMPLE 2. We consider the variational inequality: find x ∈X such that
∑

i∈I
Gi(x)(yi −xi)�0 ∀y ∈X,

where I ={1, . . . , n},Gi : R+ →R is of the form

Gi(x)= [〈ai, x〉+ δi ]−1Fi(xi)+γi,
ai ∈R

I
+, γi � 0, δi > 0 for i ∈ I , and F : R

I
+ →R

I is a monotone continuous
mapping. Here we set

R+ ={µ∈R |µ�0}
and

R
I
+ ={µ∈R

I |µi �0, i ∈ I }.
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Choose X to be the box-constrained set in (1). Then the above variational
inequality becomes a particular case of the scalar Nash equilibrium prob-
lem (11) where

ϕ(x, yi)=Gi(x)(yi −xi),

which is equivalent to problem (12) with the cost bifunction �(x, y)

defined in (4). Clearly this bifunction is not pseudomonotone in general.
At the same time we can define the weight bifunctions αi : R

I
+ ×R+ →R+

as follows:

αi(x, yi)=〈ai, x〉+ δi.

Then for each pair of points x, y ∈R
I
+ we have

[α�](x, y)+ [α�](y, x)

=
∑

i∈I
[Fi(x)−Fi(y)](yi −xi)+

∑

i∈I
γi〈(yi −xi)ai, x−y〉

� (y−x)T (γA)(x−y)�0

if the matrix (γA) with rows γiai, i ∈ I , is positive semidefinite. It means
that � is (α,α)-monotone. Moreover this property remains true if we
assume I to be countable. In both cases we can apply the results of the
previous sections to investigate existence and uniqueness properties.

Thus even these rather simple examples illustrate the fact that the new
concepts extend the usual generalized monotonicity properties significantly.
These new concepts deserve further investigation. They will be studied in a
forthcoming paper.
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